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Outline

> Games

> Traces

> Representing games coalgebraically
> Strategies

P> Traces via strategies
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Motivation: controller synthesis

» Model the possible actions of the
controller and the environment as a game.
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Motivation: controller synthesis

> Model the possible actions of the

controller and the environment as a game.

» We have specification (as a logical
formula).

P Synthesis question: is there are a
controller strategy which every play
satisfies the specification?

> Example “every request is served” (a
liveness property)

Strategies in Kleisli
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Two-player games

> Bipartite game graph
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Two-player games
» Bipartite game graph

» Observation after environment transition
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Two-player games
» Bipartite game graph

» Observation after environment transition

» A play is a sequence of states and observations, arising from
controller and environment moves, ending in a terminating
observation.
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Two-player games
» Bipartite game graph

» Observation after environment transition

ai

X1

» A play is a sequence of states and observations, arising from
controller and environment moves, ending in a terminating
observation. e.g. xgy1a1x1y2bo
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°

Two-player games
» Bipartite game graph

» Observation after environment transition

() Ba—n)

» A play is a sequence of states and observations, arising from
controller and environment moves, ending in a terminating
observation. e.g. xgy1a1x1y2bo

> A strategy is a partial function which extends partial plays, it
must be defined over all partial plays which conform to it.
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(Finite) Traces for labelled transition systems

> A trace is a sequence of observations from a process.
>
>
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(Finite) Traces for labelled transition systems

P> A trace is a sequence of observations from a process.

> A labelled transition system with termination is a function:

c: X = P(B+AxX)
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(Finite) Traces for labelled transition systems

> A trace is a sequence of observations from a process.

> A labelled transition system with termination is a function:
c: X—=>P(B+AxX)
P> A trace starting at a state xg € X is a sequence

aiaz,... anb € A*B
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(Finite) Traces for labelled transition systems

> A trace is a sequence of observations from a process.

» A labelled transition system with termination is a function:
c: X = P(B+AxX)
> A trace starting at a state xg € X is a sequence
aias,...apb € A*B
such that there is an execution

X0a1X1a2 ...anpxph € (XA)*XB
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(Finite) Traces for labelled transition systems

> A trace is a sequence of observations from a process.

> A labelled transition system with termination is a function:
c: X = P(B+AxX)
P> A trace starting at a state xg € X is a sequence
ajar,...apb e A*B
such that there is an execution
X0a1x1a2 . . . anxpb € (XA)* XB
with the property
Vi< n:(ajt1,xi+1) € c(x;) and b € c(xp)
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(Finite) Traces for labelled transition systems

> A trace is a sequence of observations from a process.

> A labelled transition system with termination is a relation:
RC X x (B+AxX)
P> A trace starting at a state xg € X is a sequence
ajar,...apbe A*B
such that there is an execution
X0a1Xx132 . . . anxpb € (XA)*XB
defined by the property

Vi< n:R(xi,(aj+1,x+1)) and R(x,, b)

5/ 24



Introduction Games Traces Coalgebraic games Traces in games Strategies in Kleisli Traces via strategies
@0000 000000 00000 DO

(Finite) Traces for labelled transition systems

> A trace is a sequence of observations from a process.
P A labelled transition system with termination is a relation:

RC X x (B+AxX)
> A trace starting at a state xg € X is a sequence
aias,...apb € A*B
such that there is an execution
X0a1x182 . .. anxpb € (XA)* XB
defined by the property
Vi< n:R(xi,(a+1,%+1)) and R(x,, b)

P is a monad with KI(P) = Rel
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Traces, coalgebraically

A*B is the initial algebra for the functor B + A(—) : Set — Set

Set A*B
Ko

K
1 o

B—— B+AB —— B+ AB+ AAB —— ---

coinductive finite traces [HJS07], limit-colimit coincidence [SP82] 6 /24
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Traces, coalgebraically

A*B is the initial algebra for the functor B + A(—) : Set — Set

Set A*B
Ko
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B—— B+AB —— B+ AB+ AAB ——— --.

General categorical machinery allows us to lift this chain to the
category of relations, and reverse the arrows!:

B+AB +— B+ AB+ AAB +—— ..

A*B

KI(P)

With various assumptions, which we will come back to later
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A*B is the initial algebra for the functor B + A(—) : Set — Set

Set A*B
Ko

K
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B—— B+AB —— B+ AB+ AAB ——— --.

General categorical machinery allows us to lift this chain to the
category of relations, and reverse the arrows!:

B+AB +—— B+ AB+ AAB +—— .

KI(P) A*B

B

Thus A*B is a final coalgebra in the category of relations!

With various assumptions, which we will come back to later

coinductive finite traces [HJS07], limit-colimit coincidence [SP82] 6 /24



Introduction Games Traces Coalgebraic games Traces in games Strategies in Kleisli Traces via strategies
o 00®00 000000 00 00

Traces by coinduction

For every LTS ¢ : X — P(B + A x X), there is a unique coalgebra
morphism into A*B.

X cmmmmmmmmmo A*B
m lc > J’Z

B+AxX ----- » B+Ax A*B

This dashed morphism in Rel is a function X — P(A*B) which
assigns each state to it's set of traces!
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Executions by coinduction

» We have been using a functor H := B+ A x (—)
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» We have been using a functor H:= B+ A x (—)
> With a PH-coalgebra ¢ : X — PHX
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Executions by coinduction

» We have been using a functor H:= B+ A x (—)
> With a PH-coalgebra c : X — PHX
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» Now use a modified version Hx := X x (B+ A x (—))

» With c* : X — PHx(X) defined as the composite

(id,C> stl

(X —S5XxPB+AxX) = P(Xx(B+AxX))

x = {(x,u) | ue€c(x)}
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Executions by coinduction
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We have been using a functor H:= B+ A x (—)
With a PH-coalgebra ¢ : X — PHX

Now use a modified version Hx := X x (B+ A x (—))
With ¢* : X — PHx(X) defined as the composite

(X 1 X % P(B+ Ax X) 2 P(X x (B +Ax X))

x = {(x,u) | ue€c(x)}

With the same apparatus as before, we can obtain an
execution map execc : X — P((XA)*XB)
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We have been using a functor H:= B+ A x (—)
With a PH-coalgebra ¢ : X — PHX

Now use a modified version Hx := X x (B+ A x (—))
With ¢* : X — PHx(X) defined as the composite

(X 19 X« P(B 4+ A x X) 2 P(X x (B+ A x X))

x = {(x,u) | u € c(x)}

With the same apparatus as before, we can obtain an
execution map exec. : X — P((XA)*XB)

And it follows from a general coalgebraic result that:

X fﬂ-
Xﬁ(XA)*XB#>A*B WheI’Eﬂ'Q:HX(Y)—)H(Y)'

tre
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Recap

Because the monad P has lots of nice properties, we automatically
get trace/execution maps:

execc

fr
X 2 (XA XB —2 A*B

tre

acxl—b

execc(x) = {xb, xaxb, xaxaxb, xaxaxaxb, . ..}

tre(x) = {b, ab, aab, aaab, ...}
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Games

Recall:

How do we turn this into a function X — M(HX)?
i.e. Which monad M do we choose?
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Finding the monad

a

O
R

0

=

L
—
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a

11/ 24



Introduction Games Traces Coalgebraic games Traces in games Strategies in Kleisli Traces via strategies
[e]e] (o] 00000 0Oe0000 00000 [e]e]

Finding the monad

<________
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Finding the monad

c: X = PP(B+Ax X)
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Finding the monad

c: X = PP(B+AxX)
c(x0) = {{b1,a1x1}, {b2}}
c(x1) ={{b2, a2x0}}
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Finding the monad

c: X = PP(B+Ax X)
c(x0) = {{b1,a1x1}, {b2}}
c(x1) ={{b2, a2x0}}

Is PP a monad?
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How do | squash PPPP(X) — PP(X)?

Let A,B,C,D,EC X

A
P

(v -
o

E

12 /24



Introduction Games Traces Coalgebraic games Traces in games Strategies in Kleisli
(e]e] o 00000 00@000 00000 (e]e]

How do | squash PPPP(X) — PP(X)?

Let A,B,C,D,EC X

Traces via strategies

(e]e]

12 /24



Introduction Games Traces Coalgebraic games Traces in games Strategies in Kleisli Traces via strategies
[e]e] (o] 00000 00e000 00000 [e]e] [e]e]

How do | squash PPPP(X) — PP(X)?

Let A,B,C,D,EC X
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< AUD
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B
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How do | squash PPPP(X) — PP(X)?

Let A,B,C,D,EC X

A
AUuC

e
::\ c AUD
[< \JD<D — BuUuC
BuD
T E

E

Traces via strategies
(e]e]

{{{A,B},{C,D}},{{E}}} » {AUC,AUD,BUC,BUD,E}
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How do | squash PPPP(X) — PP(X)?
Let A,B,C,D,EC X

A
g< AUC
e B
< AUD
C
t}< s BUC
D
BUD
O E E

{{{A,B},{C,D}}, {{E}}} » {AUC,AUD,BUC,BUD,E}

T € PPPP(X) — {UIm(f) | Fv e T, f:v 5 PP(X)}
where f : v 5 PP(X) is a choice function: YU € v : U € f(U).
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Failure of associativity

A monad structure on PP is a "no-go” [KS18] 13 /24
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(Weak) Distributive laws

Two solutions:

» Use multiplicities for the environment

This weakening of distributive laws were popularised by [Gar20], for discussion of convexity see [BS22] 14 / 24
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(Weak) Distributive laws

Two solutions:
» Use multiplicities for the environment
> Modify our strategy picking procedure to include “convex
choices”
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» Use multiplicities for the environment
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» Both of these can be phrased in terms of monad distributive
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(Weak) Distributive laws

Two solutions:
» Use multiplicities for the environment
» Modify our strategy picking procedure to include “convex
choices”
» Both of these can be phrased in terms of monad distributive
laws

> Given two monads (S, u”,n7) and (T,u’”,nT), a distributive
law § : TS — ST is a natural transformation satisfying some

coherence conditions involving T, 1°,n7,n°.

This weakening of distributive laws were popularised by [Gar20], for discussion of convexity see [BS22] 14 / 24
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(Weak) Distributive laws

Two solutions:

| 2
>

Use multiplicities for the environment

Modify our strategy picking procedure to include “convex
choices”

Both of these can be phrased in terms of monad distributive
laws

Given two monads (S,u",n") and (T,u",n"), a distributive

law § : TS — ST is a natural transformation satisfying some
coherence conditions involving T, 1°,n7,n°.
A weak distributive law § : TS — ST only satisfies the

diagrams involving u”, u°,n°.

This weakening of distributive laws were popularised by [Gar20], for discussion of convexity see [BS22] 14 / 24
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A weak distributive law ¢ : PP — PP

» Gives us a way of swapping environment-then-controller
branching into controller-then-environment.

{x1,x3}

X1 {Xl,X4}

,D< {2, x3}

//// X2 {XQ,X4}
{ = {x1,x2, x3}
\\ X3 {X1,X2,X4}
t]< {x1,x3,%}
X4 {XQ,X3,X4}

{X17X2, X3, X4}

S{Uitie) ={JVi| Vi CF Ui forall i € I}
iel

This law is used in [Goy21, Chapter 4] to model alternating automata 15 / 24
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©0000

Trace semantics

» We can build a monad
PP(X) = {1 C X | U is closed under arbitrary union}

n(x) = {{x}} pu uses 4

» Recall: General categorical machinery allows us to lift this
chain to the category of relations, and reverse the arrows:

A*B

B+AB +—— B+ AB + AAB «+—— ...

KI(PP)

B

with various assumptions on PP
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> The Kleisli category is not w-cpo enriched.
» Restrict the inner powerset to finite.

» Composition in the Kleisli category is not left-strict.
» Restrict the inner powerset to non-empty.

» The monad is not commutative.

» Only consider linear functors (rather than polynomial)

> Let @ be the finite non-empty powerset monad.

Q(X) ={Uuc] X}

Fé(X) ={U C Q(X) | U is closed under binary union}
0: QP — PQ
d({U1, ..., Un}) ={Viu---U V| V,QI U}

These fixes are discussed in [PC25] (to appear) 17 / 24
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Traces and Executions

A*B is the final B 4+ A(—)-coalgebra in KI(/P\é).

W
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Kl(/P\é) A*B

B

Thus we have trace and execution maps by coinduction:

) G—— e s y A*B
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Thus we have trace and execution maps by coinduction:
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What is tro(xg)?
1 1

A K =
3 2 a
e

{bl} No

{b2}

{a1a2b7, 2102, b1 }

{a1a2b2, 2102, b1, b}

(Theorem sketch) for all U C A*B:

U € trc(x) = there is a strategy which enforces U
U € tre(x) <" there is a strategy which enforces U
*almost

Traces via strategies

(e]e]
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Where are the strategies?

>O’0:

1 — Q(X) will pick an initial state

» 041 Im(o,) = QH"TL(X) extends an n-length play

KI(Q)
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/1/1/}/:
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21/ 24



Introduction Games braic games Tr

s in games Strategies in Kleisli Traces via strategies
o] o0 [e]e]

Where are the strategies?

» o0 :1— Q(X) will pick an initial state
» ony1: Im(o,) = QH"T(X) extends an n-length play

KI(Q)
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Where are the strategies?
» 0o :1— Q(X) will pick an initial state
» 0n1: Im(o,) = QH"TL(X) extends an n-length play

KI(Q) H2 (X) .
e ] 2 T / J /
1----- » Im(og) ----- » Im(o1) ----- » Im(og) -----

(left) o extends partial plays, (right) we choose a successor in c:

Ar(x) T i) x) L FE()
| (I)/
Im(a,,) Im(oy,

The n-depth plays comes from composition:

playy = (1 - Im(o) —=» -+ == Im() — H"(X)
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p - N ° 0o

Introduction Games Traces

Play outcomes
To define the play outcome, first lift a strategy into KI(PQ)

nP oon:Im(o,) — PQH™(X)
Then we can reuse that (XA)*XB is the limit of the final sequence:

- T~a lay?
1Z - nPoplay§ =~ \p\y
Poplay 1" oplay3 So
nPopla B S
— N
X H(X) H2(X) H3(X)\\
— 73, 3, AN
J! lH(!) JH O] JH [0) N
0 Fi(0) H2(0) ¢ HB3(0) ¢———— -
” 1} 1 n \
0 XB XB + XAXB (XA)<3XB \
\
— \
KI(PQ) (& Ry
0 2 (XA)*XB
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Main theorem

Theorem

execc(x) = U playZ
o starts in x

Lemma

ci(x) = {play} | o starts in x}

> What do we gain from doing this coalgebraically?
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Main theorem

Theorem

execc(x) = U play?
o starts in x

Lemma

ci(x) = {play} | o starts in x}

> What do we gain from doing this coalgebraically?

» Replace @ with the finite distribution monad D!
» Generic coinductive algorithms for strategy synthesis.

23 /24



Introduction Games Traces Coalgebraic games Traces in games Strategies in Kleisli Traces via strategies
00 o [ o C 00 oe

Conclusion

P> Towards strategy synthesis...

» Product construction?
» General theorem about memoryless strategies?
» Infinite traces, continuous probability monads?

> An axiomatic presentation.

» Simple stochastic games?

24 /24
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